The multiplicity of physico-chemical and biological processes, where phosphorus is involved, makes their accurate prediction using current mathematical models in biotechnology quite a challenge. In this work, an antibiotic production model of Streptomyces coelicolor is chosen as a representative case study in which major difficulties arise in explaining the measured phosphate dynamics among some minor additional issues. Thus, the utilization of an advanced speciation model and a multiple mineral precipitation framework is proposed to improve phosphorus predictions. Furthermore, a kinetic approach describing intracellular polyphosphate accumulation and consumption has been developed and implemented. A heuristic re-estimation of selected parameters is carried out to improve overall model performance. The improved process model predicts phosphate dynamics (Root Mean Squared Error ≤52h: -90 %, Relative Average Deviation ≤52h: -96 %) very accurately in comparison to the original implementation, where biomass growth/decay was the only phosphorus source-sink. In addition, parameter re-estimation achieved an improved description of the available measurements for biomass, total ammonia, dissolved oxygen and actinorhodin concentrations.
Introduction
Modelling biotechnological processes, for instance pharmaceutical production or wastewater treatment plants, often faces the difficult challenge of describing the phosphorus dynamics accurately while e.g. phosphate influences the biological process considerably (important nutrient, buffer capacity). Addressing this issue requires a major, but unavoidable, degree of complexity due to the strong non-ideal behavior caused by the phosphate trivalence. This includes, extensive consideration of activities instead of molar concentrations, continuous ionic strength tracking and the consideration of ion complexation and precipitation processes 1 . While phosphate-related precipitation would reduce the amount of available phosphate, it may also reduce the availability of essential ions for the microorganisms by precipitate formation. Additionally, phosphate accumulation as intra-cellular polyphosphate (polyP) may occur when certain microorganisms are subjected to high available phosphate concentrations in the fermentation media 2, 3 .
This work uses a bacterial growth model of Streptomyces coelicolor as case study 4 . The first simple model of S. coelicolor was published in 1999 by Elibol and Mavituna 5 . In 2003 the genome of the strain S. coelicolor M145 was fully sequenced causing its popularity among researchers who investigated the metabolism in several studies 6, 7, 8, 9, 10 . S. coelicolor produces two antibiotics (actinrhodin and undecylprodigiosin) after the consumption of the phosphorus source (phosphate) due to the activation of a metabolic switch 8 . Therefore, an accurate phosphorus prediction will end up affecting overall model performance due to its accounted impact using inhibition/half saturation terms. The original model was selected due to its inability in describing the phosphate dynamics and its potential value for antibiotics production. Health care and the production of antibiotics relies heavily on the wide range of antibiotics produced by bacteria of the genus Streptomyces 9 .
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This study emphasizes the need to implement a hybrid approach to describe phosphorus dynamics more effectively by considering the phosphorus-related biological accumulation/release of S.
coelicolor 11 and physico-chemical processes (speciation, precipitation) at the same time.
Modeling aspects

Description of the original model and identification of prediction deficiencies
The antibiotic production model selected for this case study is composed of three parts covering microbiological aspects (biological model), chemical speciation (weak acid/base approach) and gas-liquid phase mass transfer (two film model) (see Sin et al. for detailed information 4 ). The
Ordinary Differential Equations (ODE) system includes 13 process rates which are used for the calculation of 21 continuous state variables. Most concentrations are described accurately by the original implementation (e.g. biomass, glucose, antibiotic products, off-gas CO2, base addition).
However, the model under-predicts the total ammonia concentration from the exponential phase of the batch fermentation onwards (see Figure 3 , 2 nd row left, black dashed line). Secondly, the model over-predicts dissolved oxygen during the exponential phase (see Figure 3 , 3 rd row left, black dashed line). The largest drawback of the original process model is the description of the total phosphate concentration, which does not fit the experimental data at any time of the fermentation (see Figure 2 , black dashed line). Whereas the predictions for the total ammonia concentration and dissolved oxygen may be improved significantly by a re-adjustment of two estimated parameters (biomass composition and kLa, respectively), the insufficient description of the phosphate dynamics suggests that the model currently does not incorporate sufficient process knowledge to predict the total phosphate concentration. Biomass growth is the only phosphorus sink in the original model and the composition of biomass was estimated (CH1.8O0.5N0.2111P0.0094).
5 Therefore, the model needs to be updated with improved process kinetics/stoichiometry and thus enabling an accurate description of phosphate dynamics which is the key objective of this work.
An accurate description of phosphate is necessary to estimate the biological parameters accurately, since the experimental data was obtained under phosphate-limited experimental conditions.
Moreover, process models should be able to describe accurately the most relevant concentrations (substrates, biomass and products) whenever model-based optimization is intended in production processes.
Model enhancement strategies
An accurate description of phosphorus dynamics in biotechnological processes requires the consideration of physical processes and phosphorus-related biochemical processes, even if this leads to a structured model due to the modelling of intracellular components. Following this train of thought, the impact of precipitation and polyphosphate formation on the phosphate dynamics is investigated in this case study. Modelling precipitates requires a rigorous and extensive calculation of the species distribution in the fermentation media 12 . Therefore, the simplified weak acid base approach used in the original model is replaced here with an advanced speciation model by FloresAlsina et al. 13 leading to the baseline model (see section 3.2). 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   6 or model extension was introduced gradually and tested thoroughly with different parameter setups to ensure model integrity and to assess the behavior of each upgrade and its respective impact on the process model. Thus, the number of continuous states of the modified and enhanced model increases to 37. This is, mainly due to the accurate description of inorganic compounds (see Table   1 ) by the speciation model, which requires 12 states.
Material and Methods
Data set and original S. coelicolor process model
In this work, the experimental data from batch fermentations reported by Sin and co-workers 4 is used. For further information about materials and methods regarding the experimental work and detailed information about their antibiotic production model, the reader is kindly referred to the work of Sin et al. 4 . A summary of process conditions for the model validation is given by Ödman 15 . The replacement of the original simplified weak acid/base approach with the speciation model provided by Flores-Alsina et al. 13 requires a translation of the S. coelicolor process model from a MATLAB-script into an S-function for its use in the Simulink environment. It is important to emphasize that there are other potential options in Matlab to handle this type of system such as using the MASS function in the ode15s solver. In our case, the S-function version of the speciation model provided a fast and robust calculation of the equilibrium reactions described as a system of algebraic equations (AE) and solved as DAE since it is linked to the general ODE system (here: S.
coelicolor process model, describing the biological processes and the gas-liquid phase mass transfer). In addition, the approach was compatible with other models developed by the group 16 . Based on this information, the speciation model calculates the ionic strength, the activity coefficients, and the species distribution. The base addition required to keep the pH at operating conditions is determined by an additional PI-controller (used for pH control in the experiment as
Process model
• Similar approaches regarding overall model structure and model communication have been used in several studies 13, 17, 18 . The composition of the fermentation media and the resulting initial total concentrations required to operate the speciation model are summarized in Table 1 . Since the speciation model requires an initial value for the ionic strength and an initial distribution, the geochemical software MINTEQ was used for the calculation based upon the ingredients of the defined mineral fermentation media used in the experimental work.
Implementation of the multiple mineral precipitation framework into the baseline model
The prediction of precipitates in the fermentation media is realized by selective implementation of a validated (lab-and full-scale) multiple mineral precipitation framework developed by Kazadi Mbamba et al. 14 . A group of 13 possible precipitates was investigated in a saturation index (SI)
profile screening based on the specified fermentation media composition, which revealed only four oversaturated minerals: dolomite (CaMg(CO3)2), newberyite (MgHPO4 · 3 H2O), amorphous 9 calcium phosphate (ACP, Ca3(PO4)2), and calcium hydrogen phosphate (CaHPO4). Therefore, the precipitation kinetics for these four minerals are implemented into the process model (see Figure 1) . Exemplarily, Equation 1 shows the saturation index calculations for the precipitate ACP.
The precipitate formation rate of ACP is shown in Equation 2.
To reduce the computational load and prevent erroneous calculations, an if-else structure sets the formation rate of a precipitate to zero whenever the respective saturation index is below zero by using Boolean variables. The precipitation kinetics need to be provided with initial precipitate concentrations, since the used kinetics do not account for nucleation phenomena.
Implementation of the polyphosphate kinetics into the baseline model
The implementation of polyphosphate kinetics is the last major modification/extension of the process model (see Figure 1 ). This allows to investigate the possibility of intracellular phosphate storage in Streptomyces coelicolor and converts the model into a structured biological model, i.e. a model where intracellular components are considered.
While the influence of phosphate and polyP on the metabolism of S. coelicolor is a common field of research from a microbiological point of view, the kinetics of polyP formation, degradation and subsequent consumption have not yet been described and incorporated into process models. The model-based impact assessment of polyP formation on the extracellular phosphate concentration in the fermentation media does not require a mechanistical kinetic approach for polyP formation 
The polyphosphate kinetics are completed by the description of the polyP degradation and subsequent consumption, which is modelled as polyP-based growth based on the assumption that this occurs when phosphate is depleted in the fermentation media. Therefore, a modified version of the used Monod-type growth kinetic (Eq. 4) was developed (see Eq. 5) by replacing the dihydrogen phosphate term with a polyP term (term 6) and adding an inhibition term (term 7), which prevents polyP-based growth before the phosphate in the media is depleted. Thus, both growth kinetics are present in the process model. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Finally, the inhibition terms used in the production rates of the antibiotic products are adapted for accurate prediction since external and intracellular phosphate needs to be considered for the metabolic switch towards the production of antibiotics 24, 25 . Similar structures describing polyP formation can be found in the Activated Sludge Model No. 2d (ASM2d), which is popular in wastewater research 26 .
Parameter re-estimation and model evaluation
The last step in model development is a heuristic re-estimation of selected parameters which ensures the best use of the implemented process kinetics leading to an accurate prediction. This approach is based on changing the least possible number of parameters. Besides the newly introduced parameters necessary for the additional kinetics, 11 parameters of the original model are investigated and adapted. Most of these parameters are modified in acknowledgement of the additional kinetics describing the phosphate dynamics. However, the nitrogen content in the biomass composition (iNX) and the volumetric mass transfer coefficient for oxygen (kLa) are readjusted to improve the description of total ammonia and dissolved oxygen, respectively. As for total ammonia, the original model used a generic biomass composition, which may not be entirely accurate for S. coelicolor. However, the ammonia dynamics are not the scope of this study.
Model performance of the original and the enhanced model is evaluated qualitatively by visual inspection supported by two quantitative methods: the root mean square error (RMSE) and the 
Results and Discussion
Model comparison
In this section, the results of the original model (M0) by Sin et al. 4 are compared with the latest version of our enhanced model (M1). During the examination of the experimental data set obtained from batch fermentations by Sin et al. 4 , it came to our attention that the last data point of four aqueous process variables (biomass, total ammonia, total phosphate, actinorhodin) was significantly under-predicted. We suspect that this may have been caused by a dilution error of 20 % during sample handling. The corrected data point is indicated in the diagrams (open square).
Phosphate dynamics
Based on the investigations conducted in this study, M1 combines precipitation and polyphosphate kinetics to achieve the very accurate prediction of the phosphate dynamics shown in Figure 2 (black solid line). It becomes clear that the formation of ACP (black dotted line) occurs in the lag phase while polyP formation (grey dot dash line) describes the phosphate dynamics in the exponential phase. The occurrence of precipitation coinciding with the lag phase of this fermentation may be explained by the phosphate-limited experimental approach, causing moderate oversaturation according to the saturation index and therefore a slow precipitation process.
The ACP formation (none of the other precipitates was formed) may also explain the measured non-zero values from 52 h onwards since interference of the precipitate in the spectrophotometric measurements of total phosphate could be an issue (malachite green complex). This theory is 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 While presenting a comprehensive approach to describe phosphorus dynamics in biotechnological processes is the main goal of this study, the improvement of predictions for the other variables captured by this antibiotic model is perceived as an additional important task leading to a condensed description of process knowledge in the enhanced model (M1).
The description of the total ammonia concentration is improved significantly (RMSE: -69 %, 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   16 The uncertainties in the experimental data for RED prevented a significant improvement of the prediction for this variable (RMSE: + 1 %, RAD: -30 %) based on the available data set. The reduction of the kLa-value compared to the original model improves the fit of the dissolved oxygen concentration (see Figure 3, 3 rd row left, black solid line), which is supported by the evaluation criteria (RMSE: -11 %, RAD: -13 %). However, visual inspection reveals a persisting model-data discrepancy between 62 and 75 hours fermentation time, where the fermentation undergoes a transition from the exponential phase into the stationary phase. Therefore, a higher demand of oxygen during the growth on polyP than on dihydrogen phosphate would not explain the observed discrepancy. The idea of an increased oxygen demand for maintenance purposes was proved wrong because the glucose concentration was no longer predicted accurately when this feature was incorporated in the model. All attempts to describe the dO2 in this period by applying changes to the biological model did not show any evidence that the problem might be in the kinetics. It is believed that mass transfer limitations close to the sampling probe could be a possible explanation.
Those may be caused by the structure (hyphae) of the growing S. coelicolor, which could have partly covered the dissolved oxygen electrode or changed the rheology of the fermentation medium due to filamentous growth 27 . The more accurate biomass prediction of the enhanced model reveals missing process knowledge for the description of the CO2 content in the off-gas (see Figure 3 , 3 rd row right, black solid line) since both, evaluation criteria (RMSE: + 14 %, RAD: + 18 %) and visual inspection indicate a model-data discrepancy in the exponential phase. The reason for this discrepancy is the fact that the data are obtained from off-gas measurements while the current model does not account for any transport delays in the off-gas data. Therefore, an implementation of a transport delay is advisable to improve the predictive and mechanistic quality of the model further. A functioning concept for this implementation has been shown elsewhere 28, 29 . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 Overall, the very accurate predictions of the enhanced model and the resulting identification of missing process knowledge for dissolved oxygen and off-gas CO2 are achieved by introducing appropriate kinetics for the phosphate dynamics and subsequent re-estimation of selected parameters. Compared to the original model, most parameters remained unchanged in the enhanced model, while 11 parameters were subjected to adaptations (see Table 2 ). These parameters were selected based upon the drawbacks identified in the original model, the impact of the implemented kinetics (ACP and polyP), their role in the process kinetics and their sensitivity, although no in-depth sensitivity analysis was carried out (which was not the scope of the paper and would require a study on its own). Some parameters needed more rigorous 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 18 adjustment to improve the predictions, i.e. for total phosphate, total ammonia, biomass, dissolved oxygen, and ACT (parameter values highlighted in bold font). Additionally, the used parameters for the precipitation and polyphosphate kinetics are shown. For parameter adaptation a nonautomatic heuristic approach was used to learn about the impact of each parameter on the process model. Therefore, the shown values may not necessarily represent the best model performance possible compared to the results of an automatic method. However, investigating this in more detail is beyond the scope of this contribution which focuses on process kinetics for phosphate prediction. A possible method for parameter selection and identification has been proposed elsewhere 30 .
Scenario analysis (precipitation vs. polyphosphate formation)
To reach a better understanding of the prediction of phosphorus kinetics in biotechnological processes and phosphate kinetics in fermentations with S. coelicolor, precipitation kinetics and polyphosphate kinetics were implemented gradually. This allowed the identification of the contribution by each phenomenon in the description of the phosphate dynamics. To illustrate the impact of precipitation and polyphosphate formation, Figure 4 includes the phosphate predictions of the original model (M0) (black dashed line), the enhanced model (M1) (black solid line), M1
with precipitation only (S1) (black dotted line) and M1 with polyP formation only (S2) (grey dash dot line). To facilitate a visual interpretation, the diagram only shows the first 75 hours fermentation time where the effects are occurring. To achieve these results, some parameters needed to be adapted for model S1 and S2 to ensure accurate prediction of the other variables. As mentioned earlier, the formation of the precipitate ACP appears to occur in the lag phase of this fermentation and allows the prediction of the total phosphate concentration ( Figure 4 , open circles) in the lag phase. During the exponential growth phase, the model-data discrepancy increases, 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 19 which suggests that precipitation (S1) does not explain the phosphate dynamics over the whole fermentation time (Figure 4 , black dotted line). 
General applicability of the proposed approach
Even though the results presented in this study seem specific, the proposed methodology is rather general and could be applied to other biotechnological fields (wastewater treatment, anaerobic digestion). Many research groups realized the importance of precipitation and polyP kinetics when 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 20 describing phosphorus dynamics, (particularly also due to its potential as recovered product) and the unavoidable need to consider them simultaneously 14, 31, 32 .
Conclusions
The main findings of this study are summarized in the following points:
1) A hybrid approach comprising a rigorous physico-chemical framework (speciation + precipitation) and additional biological processes (polyP formation) is proposed in this study to improve model prediction of phosphorus dynamics in biotechnological systems.
2) The approach is tested using a case study where an already published growth model of S.
coelicolor had problems to predict phosphate dynamics. New simulations show an impressively accurate description of phosphate dynamics. The RMSE≤52h was reduced from 1.112 to 0.114 (-90 %) and the RAD≤52h from 1.385 to 0.052 (-96 %). However, since only one data-set was available, the enhanced model needs to be cross validated using additional experiments to confirm model structure and refine selected parameter values.
3) The speciation model provides an accurate description of the weak acid-base chemistry based on the composition of the fermentation media. The latter allowed identifying favorable saturation conditions (SI) to form potential multiple mineral precipitates during the lag phase. The results suggest the formation of the precipitate ACP as an explanation for the phosphate dynamics in the lag phase for this particular fermentation model. The formation of ACP needs to be confirmed by a validation experiment using an identical fermentation media composition. Based on the results the rate constant should be adapted to match the exact timing of ACP formation since the experimental data in the lag phase of the shown data set is not dense enough (see Figure 2 ).
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4) It is necessary to add the formation of polyP as potential storage product during the growth phase for an accurate description of the phosphate dynamics, since the low SI values for the identified compounds (by SI screening) do not cause any further precipitate formation.
For model validation and further improvement, a validation experiment targeted at the time dependent polyP concentrations in the cells should to be carried out.
The enhanced model and the hybrid approach offer a vast number of application possibilities for different purposes (e.g. pH shift experiments, altered nutrient solution) and may be used as a starting point for the development of biotechnological systems (fermentation, wastewater treatment) where predicting the role of phosphorus compounds has a paramount importance for the correct process assessment.
Software availability
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